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ABSTRACT 
Continuous improvement in electronics manufacturing has led to the deployment 
of low-power sensors, which has resulted in an urgent need for developing energy 
harvesters capable of generating electric power using abundant and free energy sources 
such as ambient vibrations. The work presented here is motivated by the growing interest 
in targeting nonlinear energy harvesting through magnetic interactions, which are 
compatible with ambient vibration energy sources that are often characterized by a 
broadband frequency spectrum and can be particularly rich with low frequencies. In this 
work, experimental and theoretical studies were performed to investigate a magnetic-
levitation-based vibration energy harvester that can be switched from a mono-stable to a 
bi-stable configuration. A mono-stable configuration consists of an oscillating magnet that 
is levitated between two stationary top and bottom magnets. A cluster of peripheral solid 
magnets is fixed around the harvester casing and results in a bi-stable configuration. 
Traditionally, magnetic forces in magnetic-levitation-based harvesters are represented 
using polynomial functions that are integrated into the equation of motion. In this work, 
analytical models describing the interaction between magnets were developed and 
integrated into the equation of motion. Results suggested that, for the bi-stable 
configuration, the analytical model of magnetic force provides more accurate results 
compared to those obtained using polynomial functions. Results showed that a variety of 
load-deflection characteristics can be obtained by changing geometric ratios of the 
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peripheral magnets in the bi-stable configuration. During dynamic operation, the bi-stable 
configuration exhibits inter-well, chaotic, and intra-well motion at different accelerations. 
Thinner peripheral magnets are favorable for the bi-stable design, especially at lower 
acceleration levels. Thinner peripheral magnets yield lower energy barriers, improved 
frequency responses, and exhibit approximately zero stiffness near equilibrium position.  
The use of thinner peripheral magnets caused the harvester to move towards mono-
stability; therefore, implying that mono-stability is the favorable mode for vibration energy 
harvesting under harmonic excitation. Normalized power densities of 5.0 mW cm−3 g−2 
at 1.25 g m s−2 and 0.35 mW cm−3 g−2 at 2.5 g m s−2 were measured for mono-stable 
and bi-stable configurations, respectively. 
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CHAPTER 1 
 
INTRODUCTION 
 
1.1 Motivation 
Continuous improvement in electronics manufacturing has led to deployment of 
low-power sensors for wireless networks and portable gadgets (Patel et al., 2012; Knight 
et al., 2008), medical implants (dos Santos et al., 2016b; Silva et al., 2013; dos Santos et 
al., 2015; Amin Karami and Inman, 2012; Renzenbrink and Ijzerman, 2004), and data 
transmission (Elvin et al., 2006). Advancement in technology has resulted in an urgent 
need for developing energy harvesters capable of generating electric power using abundant 
and free-energy sources such as ambient vibrations (Constantinou and Roy, 2016). Energy 
harvesting from ambient vibrations holds promise for developing compact, maintenance-
free, stand-alone power sources with high power density. Typically, ambient vibrations 
have a power density of approximately 500 µW cm−3 (Roundy et al., 2003). This level of 
power density makes ambient vibrations an ideal power source candidate for the low-power 
sensors typical in Wireless Sensor Networks (WSN) and portable gadgets. Examples of 
ambient vibrations include continuous or semi-continuous oscillations with a wide range 
of frequencies generated through structures such as highway bridges. A significant body 
of literature and research exists on energy harvesting techniques and approaches (Priya and 
Inman, 2009; Elvin and Erturk, 2013).  
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The work presented here was motivated by the growing interest in targeting 
nonlinear energy harvesting through magnetic interactions (Nammari et al., 2017; 
Nammari et al., 2018; Harne and Wang, 2013; Wang et al., 2018; Ferrari et al., 2010; Daqaq 
et al., 2014; Yang et al., 2018). These nonlinear harvesters are compatible with ambient 
vibration energy sources that are often characterized by a broadband frequency spectrum 
that can be particularly rich with low frequencies (Roundy, 2003; Harne and Wang, 2013; 
Daqaq et al., 2014).  
1.2 Literature Review 
1.2.1 Mono-stable Magnetic Levitation Vibration Energy Harvesting 
A representative mono-stable magnetic-spring-based energy harvester is shown in 
Figure 1-1. The mono-stable harvester consists of two (or more) magnets arranged with 
alike-poles facing each other, i.e. a repulsive configuration (Apo et al., 2014; Berdy et al., 
2014; Soares et al., 2016; Mann et al., 2009; Zhang et al., 2015b). This arrangement results 
in a repulsive nonlinear restoring force between the levitated magnet and stationary 
magnets. This situation results in a mono-stable behavior with one stability point of the 
levitated magnet and a single-well potential-energy function. The mono-stable magnetic-
spring-based energy harvester can be described by Duffing’s equation (Mann et al., 2009; 
Lee et al., 2010a). Such systems are known to produce bifurcations in the amplitude of the 
induced oscillations and for a certain set of parameters may manifest a broader frequency 
response compared to a linear energy harvester.   
Several studies have been undertaken to shed light on the behavior of mono-stable 
magnetic-levitation-based, nonlinear energy harvesting (Mann and Sims, 2009; Apo and 
Priya, 2014; Lee et al., 2010b). Mann et al. proposed a mono-stable nonlinear, magnetic-
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levitation-based energy harvester to extend the frequency bandwidth through a hardening 
response (Mann and Sims, 2009). A nonlinear mathematical model of the energy harvester 
was developed based on the nonlinear restoring force of a magnetic spring. The harvester 
model was reduced to a form of Duffing’s equation. The model response to harmonic 
excitation showed unique characteristics of this nonlinear energy harvester compared to a 
linear one. For example, the analysis showed the coexistence of periodic solutions in 
response to harmonic excitations. It also showed a unique frequency jump phenomena 
known as saddle-node point (Mallick et al., 2014; Ramlan et al., 2016). Models from the 
literature was compared to a series of experiments, and the theoretical response of the 
energy harvester was comparable to those experiments.   
Apo et al. reported a double-repulsion, mono-stable magnetic-levitation-based 
energy harvester (Apo and Priya, 2014). A mathematical, nonlinear spring-mass-damper 
model was developed and used to analyze the force field, magnetic flux, and dynamic 
response of the harvester. The model was then used to fabricate an AA-sized magnetic-
levitation based energy harvester. The harvester used ring magnets placed around a 
displacement rod to prevent the magnet from flipping and realigning itself. The harvester 
produced 12.9 mW at acceleration 1g and 16 Hz. Similarly, Berdy et al. developed a mono-
stable energy harvester based on magnetic levitation of block-shaped magnets rather than 
cylindrical magnets to allow for thinner devices (Berdy et al., 2014). The fabricated 
harvester used a guide rail to align the levitated magnet and prevent it from flipping and 
realigning itself. The energy harvester produced 410 µW at 6.7 Hz and 0.1 g. The nonlinear 
magnetic restoring force and flux were modeled and input into a lumped-parameter 
nonlinear-spring-mass damper model of the energy harvester. The model also incorporated 
4 
 
 
 
dry friction as a source of energy dissipation inside the energy harvester. Results from the 
model were comparable to experimental data.   
Marco Santo et al. (dos Santos et al., 2016a), also, performed a combined 
theoretical and experimental study of a magnetic-levitation-based energy harvester. A 
semi-analytical nonlinear model was developed for predicting the dynamic behavior of the 
mono-stable energy harvester. The model used current loops to calculate the magnetic field 
and magnetic force. Their analysis also used the Karnopp friction model to account for dry 
friction between the levitated magnet and the walls of the casing. Both the transient and 
steady-state solutions were compared to experimental data, and both showed less than 15% 
error. Lee et al. (Lee et al., 2010b) also investigated a three-magnet levitation-based energy 
harvester using both a model and experiment. In their work, the magnetic force-
displacement relationship was fit to a fifth order polynomial. A nonlinear equation of 
motion based on Duffing’s equation was then introduced. Results from the model were 
compared to the experiment under random broadband vibration rather than harmonic 
excitation. Results showed a significant reduction in output power when the energy 
harvester was subjected to random broadband vibration.  The study also concluded that 
while multiple stable solutions exist the energy harvester has a tendency to go back to the 
minimum energy state. For a random broadband vibration, the energy harvester always 
reverts back to the minimum energy state, thus, continuous external input is needed to 
maintain high energy orbits. Green et al. (Green et al., 2012b; Green et al., 2012a) also 
investigated the effect of a friction element in the presence of a magnetically levitated 
energy harvester.  Different friction models, including Coulomb, hyperbolic tangent, and 
LuGre, were modeled and investigated experimentally. Results from the work of Green et 
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al. concluded that the Coulomb friction model led to the best match with data from the 
experiment. Several other studies reported similar findings and followed similar paths 
towards broadband nonlinear mono-stable magnetic-levitation-based energy harvesting 
(Abed et al., 2015; Zhang et al., 2015b; Gutierrez et al., 2015; Zhang et al., 2015a; 
Palagummi and Yuan, 2015; Yang et al., 2012).  
 
Figure 1-1: A representative sketch of a traditional design of the mono-stable vibration 
energy harvester. 
1.2.2 Bi-stable Magnetic Levitation Vibration Energy Harvesting 
 A cartoon schematic of a representative traditional bi-stable magnetic levitation 
based energy harvester is shown in Figure 1-2. Mostly, bi-stable  and multi-stable energy 
harvesters proposed in the literature use a combination of magnets and piezoelectric 
cantilevers (Harne and Wang, 2013; Wang et al., 2018; Ferrari et al., 2010; Daqaq et al., 
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2014; Lan and Qin, 2017; Yang et al., 2018; Zhou et al., 2014; Cao et al., 2015). In these 
harvesters, while the piezoelectric cantilever is responsible for power extraction, the 
magnetic spring provides the nonlinear restoring force needed to achieve bi-stability, as 
shown in Figure 1-2.  Yang et al. provided a thorough review of these harvesters (Yang et 
al., 2018). For instance, Ferrari et al. built a bi-stable magnetic-spring-based energy 
harvester using Lead Zirconate Titanate (PZT) film fabricated on top of a steel cantilever 
along with permanent magnets  (Ferrari et al., 2010). The results from their energy 
harvester showed significant improvement in output voltage and device bandwidth 
compared to its rival linear energy harvester. Lan and Qin proposed an improved bi-stable 
magnetic-spring based energy harvester by placing an additional magnet between the two 
fixed magnets (Lan and Qin, 2017). Their results showed that the additional magnet 
reduced the potential energy barrier, allowing the harvester to move more easily between 
the two stable points (Lan and Qin, 2017). Alternatively, Wang et al. used a mechanical 
spring amplifier to magnify the base excitation by providing enough kinetic energy to 
overcome the potential-energy barrier (Wang et al., 2018). Results from their energy 
harvester showed larger displacement and improved performance, compared to a typical 
bi-stable magnetic-spring-based energy harvester. On the other hand, a tri-stable oscillator 
was theoretically and experimentally investigated by Zhou (Zhou et al., 2014). The 
oscillator was subjected to harmonic excitation in the range of 1-20 Hz and compared to 
its rival bi-stable configuration. Results suggested that tri-stable arrangements can 
overcome potential energy barriers and, thereby, are more appropriate for efficient 
generation of power through operation over a wider frequency spectrum compared to their 
rival bi-stable configuration. Cao et al. used numerical and experimental methods to 
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investigate potential energy barriers in tri-stable energy harvesters using a combination of 
magnets and piezoelectric cantilevers (Cao et al., 2015). Their study concluded that the 
potential energy barriers depend on the polynomial coefficients of the nonlinear magnetic 
restoring force and geometric parameters of the tri-stable energy harvester. Higher order 
multi-stable energy harvesters have also been investigated (Zhou et al., 2017; Zhou et al., 
2016; Zhou et al., 2018). For example, Zhou et al. presented a quad-stable energy harvester 
using a piezoelectric bimorph cantilever and four magnets (Zhou et al., 2017).  
 
Figure 1-2: A representative sketch of a traditional design of the bi-stable vibration 
energy harvester. 
1.3 Objective of Presented Work 
The current work focused on developing theoretical models and performing 
experimental studies to directly compare the mono-stable energy harvester design to its 
rival bi-stable design.  For example, the following parameters are discussed in this thesis: 
forces due to magnetic interaction, potential-energy wells, voltage response, inter-well, 
intra-well, chaotic regimes, and power metrics. Another contribution of the current work 
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is that analytical models describing the interaction between magnets in both mono-stable 
and bi-stable configurations were developed. The developed force models were then 
integrated into the equation of motion of the harvester to understand the dynamic behavior 
of the system. Previous studies used third order (Apo et al., 2014; Mann et al., 2009) or 
fifth order polynomial fits  (Saravia et al., 2017; Lee et al., 2010a) to incorporate magnetic 
forces into the equation of motion of these energy harvesters. However, these polynomial 
fits are not transparent because they cannot provide an explicit understanding of the effects 
of various design parameters on magnetic force and stiffness. For example, according to 
Saravia et al. (Saravia et al., 2017), the use of a third order polynomial fit to describe the 
nonlinear magnetic force can lead to instabilities at small displacements near equilibrium 
and significant deterioration at larger deflections. Also, as pointed out in Cao et al. (2015), 
the potential energy barriers of multi-stable energy harvesters are sensitive to polynomial 
coefficients typically used to approximate the nonlinear magnetic restoring force. 
Therefore, in this thesis, analytical models for magnetic interaction were developed and 
integrated into the equation of motion directly to simulate the dynamic behavior of the 
mono-stable and bi-stable energy harvester configurations. Very few studies have 
developed analytical models for magnetic interaction in mono-stable vibration energy 
harvesters (Soares et al., 2016; Geisler et al., 2017; Bernal and García, 2012). The 
presented work developed detailed models for both mono-stable and bi-stable vibration 
energy harvesting configurations. Finally, since the cluster of magnets represents an 
essential design component in the bi-stable design, the effect of these peripheral magnets 
on the performance of the harvester was investigated in this work.
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CHAPTER 2 
 
DESIGN AND THEORY 
 
This chapter describes the design of the harvester studied in this work and the 
theory predicting its static and dynamic behavior. Section 2.1. details the design of the 
harvester and its ability to switch between the mono-stable and the bi-stable configuration, 
using a layer of the peripheral magnets. The advantages of using only magnetic interaction 
to create the restoring force, as opposed to using piezoelectric elements, are discussed. 
Section 2.2 describes the theory and model derivation of the energy harvester. In this 
section, the magnetic forces are derived to yield an accurate description of the device’s 
dynamic behavior. The voltage model was built to predict not only the open-circuit voltage 
but also the magnetic damping and generated power of the energy harvester, subject to 
various load resistances. The magnetic damping model describes the damping effect of the 
current flowing in the coil when the circuit is closed. 
2.1 Design of the Harvester 
Figure 2-1 shows a representative schematic of the bi-stable configuration 
harvester design adopted in this work. The design consists of two fixed top and bottom ring 
magnets and a levitated magnet surrounded by a cluster of peripheral magnets as shown in 
Figure 2-1.  A similar design concept was first introduced by Mann and Owens (Mann and 
Owens, 2010). The adopted concept allows for direct comparison between mono-stable 
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and bi-stable magnetic-interaction-based harvesters. This ability of direct comparison is 
because the energy harvester uses only magnetic interactions without the need for 
piezoelectric elements. The use of piezoelectric elements introduces fundamental 
differences between mono-stable and bi-stable magnetic-levitation-based energy 
harvesters, which makes direct comparison impossible. An essential drawback of 
piezoelectrics is their inherently large internal resistance. Consequently, large load 
resistance is required to obtain optimum power transfer, typically in the order of 60 kΩ 
(Erturk and Inman, 2011; Wang et al., 2017). This large resistance results in very small 
output currents that are well below the threshold required to operate typical low-power 
sensors, i.e., 50 mA. Unlike piezoelectric harvesters, electromagnetic harvesters have 
significantly lower output impedance. In an electromagnetic harvester, the mass of the 
magnet itself also reduces the resonant frequency of the harvester, which further enables 
low-frequency specialization (Zorlu et al., 2011). Therefore, electromagnetic energy 
harvesters are arguably more suitable for real-world applications (Liu et al., 2018; Zhang 
et al., 2016), and there are significant benefits in replacing piezoelectric elements (which 
are traditionally used in bi-stable vibration energy harvesters) with electromagnetic 
components.  
While Figure 2-1 shows only a bi-stable configuration, a higher order multi-stable 
configuration can be achieved by implementing multiple layers of middle (peripheral) 
magnets. Nonetheless, this work only considers mono-stable and bi-stable configurations. 
Top and bottom copper coil sections were placed around the body of the harvester for 
power extraction, and air holes are drilled in the harvester to allow air flow to reduce overall 
damping. Unlike the traditionally used bi-stable designs, which use a combination of 
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magnets and piezoelectric cantilevers (Harne and Wang, 2013; Wang et al., 2018; Ferrari 
et al., 2010; Daqaq et al., 2014; Lan and Qin, 2017; Yang et al., 2018; Zhou et al., 2014; 
Cao et al., 2015; Zhou et al., 2017; Zhou et al., 2016; Zhou et al., 2018), the adopted bi-
stable design involves only magnetic interaction without a piezoelectric cantilever.   
 
Figure 2-1: Three-dimensional representative schematic of the magnetic-spring-based 
vibration energy harvester design (bi-stable configuration). 
2.2 Theory 
A mathematical model of the vibration energy harvester was developed to 
understand its dynamic and static behavior as well as the effect of important design 
parameters on the performance of the harvester. 
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2.2.1 Dynamic Model of the Energy Harvester 
The energy harvester shown in Figure 2-2 was modeled as a single-degree-of-
freedom mechanical system with the effective mass attached to a magnetic spring and 
damper. In this energy harvester, an external source of vibration causes the levitated 
magnet mass, 𝑚, to move vertically with absolute displacement, 𝑥. In this work, it is 
assumed that the lateral (radial) movement of the moving magnet is absent. The relative 
displacement of the levitated magnet, 𝑧, with respect to the excitation source, 𝑦, can be 
expressed as, 𝑧 = 𝑥 − 𝑦. The equation of motion describing the displacement of the 
levitated magnet mass is given by 
 𝑚?̈? − (𝐹𝑚𝑎𝑔 + 𝐹𝑑𝑎𝑚𝑝 + 𝐹𝑒𝑑𝑑𝑦 + 𝐹𝑔) = 0, Eq. 2-1 
where 𝐹𝑚𝑎𝑔 is the magnetic restoring force due to the interaction between the levitated 
magnet and the surrounding fixed magnets, 𝐹𝑑𝑎𝑚𝑝 = −𝑐?̇? = −𝑐(?̇? − ?̇?) is the damping 
force due to structural and aerodynamic energy losses, 𝐹𝑒𝑑𝑑𝑦 is the damping force due to 
the induced current when the circuit is closed, and 𝐹𝑔 = −𝑚𝑔 is the gravitational force.  
2.2.2 Magnets Interaction 
Figure 2-2 shows the arrangement of magnets in the bi-stable energy harvester 
design configuration. In addition to the solid levitated magnet, the harvester consists of 
stationary top and bottom ring magnets and a single layer (cluster) of intermediate 
(peripheral) magnets fixed around the body of the harvester. The magnetic force acting on 
the levitated magnet, 𝐹𝑚𝑎𝑔, is the result of interaction with the middle (peripheral) fixed 
magnets, 𝐹𝑐𝑦𝑙  , the stationary top ring magnet, 𝐹𝑡𝑜𝑝 = 𝐹𝑟𝑖𝑛𝑔(zt), and bottom ring magnet, 
𝐹𝑏𝑜𝑡 = 𝐹𝑟𝑖𝑛𝑔(zb), given by  
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 𝐹𝑚𝑎𝑔 = 𝐹𝑐𝑦𝑙 + 𝐹𝑡𝑜𝑝 + 𝐹𝑏𝑜𝑡 . Eq. 2-2 
The stationary top and bottom ring magnets were modeled as having uniform 
magnetization, M⃗⃗⃗ top = M⃗⃗⃗ bot = Mẑ. The scalar magnetic potential generated by a ring 
magnet located at position, zr, along the central axis is (Griffiths, 2014) 
ψ(z, zr) =
1
4𝜋
∫
M⃗⃗⃗ ∙ 𝑑𝑠 
|r − r′⃗⃗ |
=
M
2
(∫
ρ𝑑ρ
√(𝑧 − zr − h/2)2 + ρ2
b
a
−∫
ρ𝑑ρ
√(z − zr + h/2)2 + ρ2
b
a
)
=
M
2
(√ρ2 + (z − zr − h/2)2
−√ρ2 + (z − zr + h/2)2)|
ρ=a
ρ=b
. 
Eq. 2-3 
The magnetic flux density component along the z-axis is then obtained and given by   
B(z, zr) = −μ0
𝑑ψ(z, zr)
𝑑z
 
=
Brf,ring
2
(
 
z − zr +
h
2
√ρ2 + (z − zr +
h
2)
2
−
z − zr −
h
2
√ρ2 + (z − zr −
h
2)
2
)
 ||
ρ=a
ρ=b
, 
Eq. 2-4 
where the magnetization is represented through the residual flux density of a ring magnet, 
i.e., M = Brf,ring/μ0. The magnetic force due to a ring magnet is then given by Fring(zr) =
𝑚𝑙𝑒𝑣 𝜕z𝐵(z, zr) and expressed as 
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𝐹𝑟𝑖𝑛𝑔(zr) =
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2 + (𝑧𝑟 − 𝑧 + ℎ/2)2)3 2
⁄
+
𝑏2
(𝑏2 + (𝑧𝑟 − 𝑧 − ℎ/2)2)3 2
⁄
−
𝑎2
(𝑎2 + (𝑧𝑟 − 𝑧 − ℎ/2)2)3 2
⁄
−
𝑏2
(𝑏2 + (𝑧𝑟 − 𝑧 + ℎ/2)2)3 2
⁄
), 
Eq. 2-5 
where the magnetic moment of the levitated magnet is mlev = 𝐵𝑟𝑓,𝑙𝑒𝑣Vlev/μ0. Therefore, 
the magnetic forces acting on the levitated magnet as a result of the top ring magnet, 𝐹𝑡𝑜𝑝 =
𝐹𝑟𝑖𝑛𝑔(zt), and bottom ring magnet, 𝐹𝑏𝑜𝑡 = 𝐹𝑟𝑖𝑛𝑔(zb) are given by 
𝐹𝑡𝑜𝑝 = 𝐹𝑟𝑖𝑛𝑔(zr = zt)
=
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2 + (zt − 𝑧 + ℎ/2)2)3 2
⁄
+
𝑏2
(𝑏2 + (zt − 𝑧 − ℎ/2)2)3 2
⁄
−
𝑎2
(𝑎2 + (zt − 𝑧 − ℎ/2)2)3 2
⁄
−
𝑏2
(𝑏2 + (zt − 𝑧 + ℎ/2)2)3 2
⁄
), 
Eq. 2-6 
and  
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𝐹𝑏𝑜𝑡 = 𝐹𝑟𝑖𝑛𝑔(zr = zb)
=
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2 + (zb − 𝑧 + ℎ/2)2)3 2
⁄
+
𝑏2
(𝑏2 + (zb − 𝑧 − ℎ/2)2)3 2
⁄
−
𝑎2
(𝑎2 + (zb − 𝑧 − ℎ/2)2)3 2
⁄
−
𝑏2
(𝑏2 + (zb − 𝑧 + ℎ/2)2)3 2
⁄
), 
Eq. 2-7 
respectively.  
For the bi-stable configuration, we considered a cluster of middle (peripheral) 
cylindrical solid magnets (n = 10) fixed around the body of the harvester as shown in 
Figure 2-2. Since the peripheral magnets were very small compared to the overall size of 
the harvester the z-component of magnetic flux density generated by these magnets at a 
given position of the levitated magnet can be approximated as a point magnetic dipole, 
given by  (Griffiths, 2014) 
Bcyl = n ⋅
μ0mcyl
4𝜋
2(z − zcyl)
2
− ρmid
2
(ρmid2 + (z − zcyl)
2
)
5 2⁄
. Eq. 2-8 
The magnetic force is then given by Fcyl = 𝑚𝑙𝑒𝑣 𝜕zBcyl(z) and can be written as  
𝐹𝑐𝑦𝑙 =
3𝑛 Brf,levmcylVlev
4𝜋
(3𝜌𝑚𝑖𝑑
2 − 2(𝑧 − zcyl)
2)(𝑧 − zcyl)
(𝜌𝑚𝑖𝑑
2 + (𝑧 − zcyl)2)7 2
⁄
, Eq. 2-9 
where 𝑚𝑐𝑦𝑙 is the magnetic dipole moment of each middle (peripheral) magnet at an axial 
position, zcyl = 0, and a radial position, 𝜌𝑚𝑖𝑑.  
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Substituting Eq. 2-9 and Eq. 2-7 into Eq. 2-2 yields the total magnetic force,  𝐹𝑚𝑎𝑔, 
for the bi-stable harvester: 
𝐹𝑚𝑎𝑔 =
3𝑛 Brf,levmcylVlev
4𝜋
(3𝜌𝑚𝑖𝑑
2 −2𝑧2)𝑧
(𝜌𝑚𝑖𝑑
2 +𝑧2)7 2⁄
+
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2+(zb−𝑧+ℎ/2)
2)3 2⁄
+
𝑏2
(𝑏2+(zb−𝑧−ℎ/2)
2)3 2⁄
−
𝑎2
(𝑎2+(zb−𝑧−ℎ/2)
2)3 2⁄
−
𝑏2
(𝑏2+(zb−𝑧+ℎ/2)
2)3 2⁄
) +
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2+(zt−𝑧+ℎ/2)2)3 2
⁄ +
𝑏2
(𝑏2+(zt−𝑧−ℎ/2)2)3 2
⁄ −
𝑎2
(𝑎2+(zt−𝑧−ℎ/2)2)3 2
⁄ −
𝑏2
(𝑏2+(zt−𝑧+ℎ/2)2)3 2
⁄ ).  
Eq. 2-10 
The interactions between levitated and fixed magnets in the energy harvester 
provide an inherently nonlinear restoring magnetic force, 𝐹𝑚𝑎𝑔, that is given by Eq. 2-10. 
Furthermore, the magnetic forces of both harvester configurations, i.e., mono-stable and 
bi-stable configurations, were simulated using COMSOL software. The AC/DC module in 
COMSOL Multiphysics software (COMSOL 5.2) was used to simulate the magnetic forces 
using a two-dimensional (2D) axisymmetric model. In this 2D-model simulation, magnets 
were represented by rectangles along the plane, and all remaining edges of each magnet 
were magnetically insulated. A moving mesh function was used upon model simulation of 
the levitated magnet as it oscillated between the fixed magnets. A parametric sweep was 
used to estimate the magnetic restoring force as a result of the oscillatory motion of the 
levitated magnet. The governing equation for the COMSOL model simulation was based 
on Ampere’s law. The relative tolerance was set to 5e-5.  
The nonlinear magnetic restoring force, 𝐹𝑚𝑎𝑔, obtained using Eq. 2-10 is then 
integrated into the energy harvester’s equation of motion Eq. 2-10, yielding   
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𝑚?̈? + 𝑐?̇? −
3𝑛 Brf,levmcylVlev
4𝜋
(3𝜌𝑚𝑖𝑑
2 −2𝑧2)𝑧
(𝜌𝑚𝑖𝑑
2 +𝑧2)
7 2⁄ −
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2+(zb−𝑧+
ℎ
2
)
2
)
3 2⁄ +
𝑏2
(𝑏2+(zb−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑎2
(𝑎2+(zb−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑏2
(𝑏2+(zb−𝑧+
ℎ
2
)
2
)
3 2⁄ ) −
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2+(zt−𝑧+
ℎ
2
)
2
)
3 2⁄ +
𝑏2
(𝑏2+(zt−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑎2
(𝑎2+(zt−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑏2
(𝑏2+(zt−𝑧+
ℎ
2
)
2
)
3 2⁄ ) +𝑚𝑔 = 0.  
Eq. 2-11 
Adding −𝑚?̈? to both sides of Eq. 2-11 yields  
𝑚?̈? + 𝑐?̇? −
3𝑛 Brf,levmcylVlev
4𝜋
(3𝜌𝑚𝑖𝑑
2 −2𝑧2)𝑧
(𝜌𝑚𝑖𝑑
2 +𝑧2)
7 2⁄ −
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2+(zb−𝑧+
ℎ
2
)
2
)
3 2⁄ +
𝑏2
(𝑏2+(zb−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑎2
(𝑎2+(zb−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑏2
(𝑏2+(zb−𝑧+
ℎ
2
)
2
)
3 2⁄ ) −
Brf,ringBrf,levVlev
2𝜇0
(
𝑎2
(𝑎2+(zt−𝑧+
ℎ
2
)
2
)
3 2⁄ +
𝑏2
(𝑏2+(zt−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑎2
(𝑎2+(zt−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑏2
(𝑏2+(zt−𝑧+
ℎ
2
)
2
)
3 2⁄ ) +𝑚𝑔 = −𝑚?̈?.  
Eq. 2-12 
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For a harmonic input of the form ?̈? = 𝐴. sin(𝜔𝑡), where A and 𝜔 are acceleration 
input level and driving frequency, respectively, Eq. 2-12 becomes 
?̈? +
𝑐
𝑚
?̇? −
3𝑛 Brf,levmcylVlev
4𝜋𝑚
(3𝜌𝑚𝑖𝑑
2 −2𝑧2)𝑧
(𝜌𝑚𝑖𝑑
2 +𝑧2)
7 2⁄ −
Brf,ringBrf,levVlev
2𝜇0𝑚
(
𝑎2
(𝑎2+(zb−𝑧+
ℎ
2
)
2
)
3 2⁄ +
𝑏2
(𝑏2+(zb−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑎2
(𝑎2+(zb−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑏2
(𝑏2+(zb−𝑧+
ℎ
2
)
2
)
3 2⁄ ) −
Brf,ringBrf,levVlev
2𝜇0𝑚
(
𝑎2
(𝑎2+(zt−𝑧+
ℎ
2
)
2
)
3 2⁄ +
𝑏2
(𝑏2+(zt−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑎2
(𝑎2+(zt−𝑧−
ℎ
2
)
2
)
3 2⁄ −
𝑏2
(𝑏2+(zt−𝑧+
ℎ
2
)
2
)
3 2⁄ ) + 𝑔 = −𝐴. sin(𝜔𝑡).  
Eq. 2-13 
In the mono-stable energy harvester configuration, there were no intermediate 
(peripheral) magnets, i.e. 𝐹𝑐𝑦𝑙 = 0 and only two stationary top and bottom ring magnets 
were present. This lack of peripheral magnets resulted in a single stable position and a 
magnetic force, 𝐹𝑚𝑎𝑔 = 𝐹𝑡𝑜𝑝 + 𝐹𝑏𝑜𝑡. Consequently, using Eq. 2-13, the equation of motion 
for the mono-stable harvester configuration becomes   
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?̈? +
𝑐
𝑚
?̇? −
Brf,ringBrf,levVlev
2𝜇0𝑚
(
 
 𝑎2
(𝑎2 + (zb − 𝑧 +
ℎ
2)
2
)
3 2⁄
+
𝑏2
(𝑏2 + (zb − 𝑧 −
ℎ
2)
2
)
3 2⁄
−
𝑎2
(𝑎2 + (zb − 𝑧 −
ℎ
2)
2
)
3 2⁄
−
𝑏2
(𝑏2 + (zb − 𝑧 +
ℎ
2)
2
)
3 2⁄
)
 
 
−
Brf,ringBrf,levVlev
2𝜇0𝑚
(
 
 𝑎2
(𝑎2 + (zt − 𝑧 +
ℎ
2)
2
)
3 2⁄
+
𝑏2
(𝑏2 + (zt − 𝑧 −
ℎ
2)
2
)
3 2⁄
−
𝑎2
(𝑎2 + (zt − 𝑧 −
ℎ
2)
2
)
3 2⁄
−
𝑏2
(𝑏2 + (zt − 𝑧 +
ℎ
2)
2
)
3 2⁄
)
 
 
+ 𝑔
= −𝐴. sin(𝜔𝑡). 
Eq. 2-14 
Previous studies used higher order polynomials of the form 𝐾1𝑧 + 𝐾3𝑧
3 + 𝐾5𝑧
5 to 
describe these nonlinearities through magnetic stiffness coefficients, 𝐾1, 𝐾3, 𝐾5. Unlike 
these previous studies, the work presented here develops the analytical expressions for the 
associated magnetic forces. These analytical expressions are, then, integrated into the 
harvester’s equation of motion (Eq. 2-1) for both bi-stable and mono-stable configurations, 
i.e. Eq. 2-13 and Eq. 2-14, respectively. This integration of the analytical expression of the 
magnetic force into the equation of motion is essential for understanding the dynamic 
behavior of these systems as discussed in Section 2.1.  Thus, another advantage of this 
work is its ability to investigate the dynamic and static behavior of the proposed harvester 
in light of its design parameters including size, shape, separation distance, number of 
magnets, and number of stable points. The equations of motion derived for both bi-stable 
(Eq. 2-13) and mono-stable (Eq. 2-14) configurations are used to simulate the motion of 
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the levitated magnet in response to external harmonic excitation. Consequently, these 
simulation results can be used to calculate the open-circuit voltage as discussed next.   
 
Figure 2-2: Arrangement of magnets inside the bi-stable vibration energy harvester 
configuration. 
2.2.3 Open-circuit Voltage 
When the harvester is externally excited, the kinetic energy of the levitated magnet 
is converted into electric energy as a result of variation in magnetic flux, 𝜙, across a 
surrounding coil. The induced electromotive force in the coil is given by  
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ℰ𝑐 = −
𝑑ϕ
𝑑𝑡
= −∑
𝑑ϕi
𝑑𝑡
Nc
𝑖=1
. Eq. 2-15 
In Eq. 2-15 the magnetic flux, 𝜙, is the sum of magnetic fluxes, 𝜙𝑖, going through each 
single coil turn. Since the magnetic field due to the fixed magnets does not contribute to 
the induced electromotive force across the coil, the only contribution is due to the motion 
of the levitated magnet. The z-component of the magnetic flux density generated by the 
levitated magnet at position 𝑧𝑖 of a single coil turn, 𝑖,  is (Griffiths, 2014) 
Bz(zi, ρ) =
μ0 𝑚𝑙𝑒𝑣
4𝜋
2(zi − z)
2 − ρ2
(ρ2 + (zi − z)2)5/2
. Eq. 2-16 
Using Eq. 2-16 the magnetic flux through a single coil turn is given by  
ϕi = 2𝜋∫ Bz(zi, ρ)ρ𝑑ρ
ρcoil
0
=
𝐵𝑟𝑓,levVlev
2
ρcoil
2
(ρcoil2 + (z − zi)2)3 2
⁄
. Eq. 2-17 
Thereby, the total flux is  
ϕ =
𝐵𝑟𝑓,𝑙𝑒𝑣Vlev
2
∑
ρcoil
2
(ρcoil2 + (z − zi)2)3/2
Nc−1
𝑖=0
. Eq. 2-18 
If Nc is sufficiently large, we can reduce the sum into an integral form and obtain 
ϕ ≈
𝐵𝑟𝑓,𝑙𝑒𝑣Vlev
2
∫
ρcoil
2 𝑑𝑧𝑖
(ρcoil2 + (z − zi)2)
3
2
zcoil+𝐿
zcoil−𝐿
=
𝐵𝑟𝑓,𝑙𝑒𝑣𝑉𝑙𝑒𝑣Nc
4L
 (
L − z + zcoil
√ρcoil2 + (L − z + zcoil)2
+
L + z − zcoil
√ρcoil2 + (L + z − zcoil)2
). 
Eq. 2-19 
Substituting Eq. 2-19 into Eq. 2-15 yields   
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ℰ𝑐 =
𝐵𝑟𝑓,𝑙𝑒𝑣𝑉𝑙𝑒𝑣Ncρcoil
2
4L
 (
1
(ρcoil2 + (L − z + zcoil)2)3/2
−
1
(ρcoil2 + (L + z − zcoil)2)3/2
) ż. 
Eq. 2-20 
The induced electromotive force in the top and bottom coil sections, ℰ, is composed of the 
electromotive force in the top coil section, ℰ1 = ℰ𝑐(𝑧𝑐𝑜𝑖𝑙 = 𝑧𝑐𝑡), and the bottom coil 
section, ℰ2 = −ℰ𝑐(𝑧𝑐𝑜𝑖𝑙 = 𝑧𝑐𝑏); the negative sign in ℰ2 accounts for the opposite winding 
directions of the top coil and the bottom coil. The total induced electromotive force can be 
written as 
ℰ =
𝐵𝑟𝑓,𝑙𝑒𝑣𝑉𝑙𝑒𝑣Ncρcoil
2
4L
 (
1
(ρcoil2 + (L − z + zct)2)3/2
−
1
(ρcoil2 + (L + z − zct)2)3/2
−
1
(ρcoil2 + (L − z + zcb)2)3/2
+
1
(ρcoil2 + (L + z − zcb)2)3/2
) ż. 
Eq. 2-21 
2.2.4 Magnetic Damping Model 
When the energy harvester is connected to a load resistance, 𝑅𝑙𝑜𝑎𝑑, the current 
flowing in each coil turn is expressed as 
𝐼 = ±
ℰ
𝑅𝑐𝑜𝑖𝑙 + 𝑅𝑙𝑜𝑎𝑑
. Eq. 2-22 
Due to the opposite winding directions of the top and the bottom coil sections, see Figure 
2-2, the current 𝐼 is defined as positive if it belongs to the top coil section and negative if 
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it belongs to the bottom coil. The magnetic field produced by each coil turn is expressed 
as (Griffiths, 2014) 
Bi =
μ0 𝐼 ρcoil
2
2((𝑧𝑠 − zi)2 + ρcoil2)3 2
⁄
. Eq. 2-23 
The force acting on the levitated magnet as a result of this magnetic field is expressed as 
𝐹𝑖 = 𝑚𝑙𝑒𝑣
𝜕𝐵𝑖
𝜕𝑧𝑠
|
𝑧𝑠=𝑧
=
3ρcoil
2𝐼𝑚𝑙𝑒𝑣(zi − z)μ0
2(ρcoil2 + (zi − z)2)5 2
⁄
. Eq. 2-24 
The total magnetic damping force is obtained by integrating the force component over all 
coil turns in the two coil sections given by 
𝐹𝑒𝑑𝑑𝑦 =
𝑁𝑐
2𝐿
( ∫ 𝐹𝑖 𝑑𝑧𝑖
𝑧𝑐𝑡+𝐿
𝑧𝑐𝑡−𝐿
+ ∫ 𝐹𝑖 𝑑𝑧𝑖
𝑧𝑐𝑏+𝐿
𝑧𝑐𝑏−𝐿
)
=
ρcoil
4𝐵𝑟𝑓,𝑙𝑒𝑣
2 𝑉𝑙𝑒𝑣
2 𝑁𝑐
2?̇?
2𝐿2(𝑅𝑙𝑜𝑎𝑑 + 𝑅𝑐𝑜𝑖𝑙)
(−
1
(ρcoil2 + (𝐿 + (𝑧𝑐𝑡 − z))
2
)
3 2⁄
+
1
(ρcoil2 + (𝐿 + (𝑧𝑐𝑏 − z))
2
)
3 2⁄
+
1
(ρcoil2 + (𝐿 − (𝑧𝑐𝑡 − z))
2
)
3 2⁄
−
1
(ρcoil2 + (𝐿 − (𝑧𝑐𝑏 − z))
2
)
3 2⁄
)(
1
(ρcoil2 + (𝐿 + (𝑧𝑐𝑡 − z))
2
)
3 2⁄
−
1
(ρcoil2 + (𝐿 + (𝑧𝑐𝑏 − z))
2
)
3 2⁄
−
1
(ρcoil2 + (𝐿 − (𝑧𝑐𝑡 − z))
2
)
3 2⁄
+
1
(ρcoil2 + (𝐿 − (𝑧𝑐𝑏 − z))
2
)
3 2⁄
). 
Eq. 2-25 
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2.2.5 Electric Power 
The magnetic damping force 𝐹𝑒𝑑𝑑𝑦 given by Eq. 2-25 is substituted into the 
equation of motion (Eq. 2-1) which is then solved numerically using the 4th  and the 5th 
order Runge-Kutta method that is implemented in MATLab ODE solvers. The obtained 
solution is then substituted into Eq. 2-21 to obtain the voltage on the surrounding coils. 
The model prediction of the generated power is then calculated from the Eq. 2-21 and 
given by 
𝑃 =
ℰ2 𝑅𝑙𝑜𝑎𝑑
(𝑅𝑙𝑜𝑎𝑑 + 𝑅𝑐𝑜𝑖𝑙)2
. Eq. 2-26 
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CHAPTER 3 
 
FABRICATION AND EXPERIMENT 
 
This chapter describes the fabrication procedure used to construct the energy 
harvester. This description is then followed by a description of experimental methods and 
lab setups used to characterize the fabricated energy harvester. Experimental 
characterization tests were focused on measuring magnetic forces (Section 3.2.1) and the 
frequency response of the fabricated energy harvester (Section 3.2.2). 
3.1 Fabrication of the Vibration Energy Harvester 
A prototype of the energy harvester was fabricated and experimentally 
characterized to validate the developed models and gain a fundamental understanding of 
essential design parameters. Figure 3-1 shows the prototype of the fabricated energy 
harvester prototype. The housing of the harvester was printed using a polylactic acid (PLA) 
thermoplastic filament. The implemented design allows for switching from a mono-stable 
to bi-stable configuration through the 3D-printed middle (peripheral) magnet holder. Table 
3-1 lists dimensions, material properties, and geometries of both mono-stable and bi-stable 
configurations investigated in this work. 
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Parameter Mono-
stable 
Bi-
stable 
Number of middle (peripheral) magnets, 𝑛 0 10 
Coil resistance (R coil) (Ω) 207 
Load resistance (R Load) (Ω) 207 
Total number of coil turns 1000 
Number of coil turns in top or bottom coil sections, 𝑁𝑐 500 
Coil material Copper, 40 AWG 
Levitated magnet size (height×diameter) (mm) 12.7 × 12.7 
Levitated magnet material NdFeB-N52 
Stationary ring top and bottom magnets size (Outer 
diameter×Inner diameter×height) (mm) 
25.4 × 12.7 × 12.7 
Stationary ring top and bottom magnets material NdFeB-N42 
Stationary middle (peripheral) magnets size (height×diameter) 
(mm) 
0.79375 × 4.7625 
Stationary middle (peripheral) magnets material NdFeB-N42 
Casing material Polylactic acid 
(PLA) 
The main components of the harvester were CAD designed using SolidWorks 
software. These components were the top magnet holder (Figure 3-1a), the bottom magnet 
holder (Figure 3-1b), the core inside which the levitated magnet was captured (Figure 
3-1c), the peripheral magnet cap and the peripheral magnet holder (Figure 3-1d-e), and the 
base (Figure 3-1f-h). This 3D-design process was then followed by sending the files to the 
3D printer to build the main components of the harvester. To assemble the harvester, two 
ring magnets were inserted into the top magnet holder and the bottom magnet holder such 
that they repelled the levitated magnet. The layer of peripheral magnet holder (Figure 3-1e) 
was then inserted directly into the core to create bi-stability; a cap was 3D printed to secure 
the peripheral magnets’ layer in place (Figure 3-1d). The layer can also be removed to 
return the harvester to its mono-stable mode. The top magnet holder and the bottom magnet 
holder were attached to the core via screw threads. A base was made from two components 
Table 3-1:  Geometric and material properties of the fabricated harvester. 
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to grasp the bottom of the harvester firmly during the dynamic tests such that a safe distance 
was kept between the harvester and the shaker table. 
NdFeB-N42 ring magnets were chosen as the stationary magnets since the ring 
shape not only allows air to move freely, such that the mechanical damping is reduced but 
also facilitates the displacement measurement during the dynamic tests. An NdFeB-N52 
cylindrical magnet was used as the levitated magnet due to its high strength and 
symmetrical shape. To make the layer of peripheral magnets, 10 small NdFeB-N42 
magnets were embedded inside the 3D printed structure shown in Figure 3-1e. The printed 
ring shown in Figure 3-1e not only secures the peripheral magnets in place but also 
facilitates the insertion and removal of the layer of peripheral magnets. 
The core had two indented regions to hold the two copper coils such that the radius 
of the copper coils was minimized. The two coils were separated by the peripheral magnets 
holder and were wound in opposite directions to maximize the output voltage. All printed 
components were made from PLA (3D Universe, 2.85 mm) to ensure smooth printing 
progress. To make the inner surface of the core smooth such that the levitated magnet could 
move with ease, sandpapers of various roughness were used to clear the interior of the 
harvester body shown in Figure 3-1c. 
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Figure 3-1: All components of the energy harvester fabricated drawn with the 
SolidWorks software containing: (a) Top-magnet holder, (b) Bottom-magnet holder, (c) 
Core, (d) Peripheral-magnet cap, (e) Peripheral-magnet holder, (f, g, h) Base. 
The fabricated energy harvester in its mono-stable and bi-stable configuration is 
presented in Figure 3-2a and Figure 3-2b. 
a 
b 
c d 
e 
f g h 
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Figure 3-2: The (a) mono-stable and the (b) bi-stable configurations of the energy 
harvester; the base is not presented. The peripheral-magnet cap can be seen in the bi-
stable configuration. 
3.2 Experiment Setup 
3.2.1 Magnetic Force Setup 
The experiment setup used to measure the repulsive magnetic force consisted of a 
test stand (SHIMPO FGS-250W), displacement sensor (KEYENCE IL-100), and digital 
force sensor (SHIMPO FG-3006); it is shown in Figure 3-3. Both displacement and force 
readings were recorded using a data acquisition system (NI myDAQ) and stored on a PC. 
The use of the fixed top and bottom ring magnets in the design of the energy harvester 
allowed for measurement of the displacement of the levitated magnet using the laser signal 
from the displacement sensor.  To measure the magnetic forces, the harvester was glued to 
the base of the test stand while a brass rod was inserted into the harvester from the top. One 
end of the brass rod made contact with the levitated magnet while the other end was 
attached to the force sensor to report the reaction force. The laser sensor was also attached 
Top Magnet 
Holder 
Bottom Magnet 
Holder 
Core 
Mono-stable 
Configuration 
Bi-stable 
Configuration 
a b 
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to the force sensor such that the brass rod and the laser sensor could move in sync. The 
movement of the force sensor was controlled via the hand wheel of the test stand. The laser 
sensor measured the displacement between itself and an object that was fixed with the test 
stand; this displacement was the relative displacement of the levitated magnet. The reaction 
force and the relative displacement could be read from the LCD screen of the force gauge 
and the laser sensor, respectively, and recorded into an Excel sheet. A DC power supply 
was used to power the laser sensor, and a PC was used to supply power to the force gauge 
via a USB cable. 
The whole setup including the test stand, the harvester, the force gauge, the brass 
rod, and the laser sensor could be rotated horizontally so that the effect of gravity was 
excluded. The equilibrium positions of the levitated magnet were recorded so that the force 
curve could be plotted from the relative displacement data. The force was measured on one 
side of the harvester at a time; to measure the other side, the harvester was removed from 
the test stand, reversed in direction, and glued back to the test stand. 
A drawback of rotating the setup horizontally during the force-displacement 
measurement was that friction was introduced due to the levitated magnet resting on the 
side of the tube. However, the frictional force was small (in the order of 0.01 N) compared 
to the magnetic force (in the order of 1 N); hence, the effect of friction was negligible. 
Furthermore, rotating the setup horizontally removed the need for measuring the shift in 
displacement of the levitated magnet due to gravity; thus, the horizontal setup facilitated 
the force-displacement measurement. 
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Figure 3-3: Diagram of the experimental setup used to measure nonlinear magnetic 
restoring forces of the levitated magnet. 
 
Figure 3-4: An image of the experimental setup used to measure nonlinear magnetic 
restoring forces of the levitated magnet. 
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3.2.2 Dynamic Characterization Setup 
Figure 3-5 shows the experimental setup used to characterize the energy harvesters 
in dynamic mode. The setup consists of a shaker table (VT-500, SENTEK DYNAMICS), 
power amplifier (LA-800, SENTEK DYNAMICS), vibration controller (S81B-P02, 
SENTEK DYNAMICS), accelerometer (PCB333B30 model, PCB Piezotronics), data 
acquisition system (NI myDAQ), and a PC.  The harvester was firmly mounted on the 
shaker table’s top, and its response was measured at predetermined frequencies and 
accelerations.   
 The energy harvester was mounted onto the armature of the shaker table via a 3D-
printed base. The top of the base firmly grasped the energy harvester while the bottom of 
the base was attached to the armature via a stud. An accelerometer was attached onto the 
base and was hooked up to the controller. The controller was connected to the power 
amplifier, which was connected to the shaker table, such that the shaker table moved in a 
controlled manner. The motion of the shaker table was controlled via the Engineering Data 
Management (EDM) software, from which the acceleration and the sweeping frequencies 
could be input precisely. The two ends of the coils are connected to the data logger to 
measure the open-circuit output voltage. For close-circuit output power measurements, a 
load resistor was connected to the coils in parallel (not shown in Figure 3-5). The 
displacement of the levitated magnet is measured by using a laser sensor mounted on top 
of the harvester. The laser was also hooked up to the data logger. The data from the coils 
and the laser were read using the LabVIEW software. In the mono-stable configuration, 
the vibration of the shaker table was swept at 1.25 g from 10 Hz to 30 Hz; while in the bi-
33 
 
 
 
stable configuration, the vibration of the shaker table was swept at 2.5 g from 15 Hz to 
35 Hz. 
 
Figure 3-5: Diagram of the experimental setup used for dynamic characterization of the 
fabricated energy harvester. 
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Figure 3-6: An image of the experimental setup used for dynamic characterization of 
the fabricated energy harvester. 
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CHAPTER 4 
 
RESULTS AND DISCUSSION 
 
This chapter mainly focuses on the validation of the developed models presented 
in Chapter 2. Section 4.1.1 reports the result of the force-displacement curve obtained using 
experiment and models. Section 4.1.2 compares the results of model simulations and 
measured data obtained for the frequency response of the open-circuit voltage. The 
discrepancy between the modeled and the experimental data is discussed and the benefit of 
using the developed analytical methods to model the force-displacement curve in the bi-
stable configuration is reinforced. Section 4.1.3 inspects the phase portrait of the levitated 
magnet’s movement in the bi-stable configuration. The region before, during, and after the 
chaotic period is discussed, and the potential of reaching inter-well motion at a high 
acceleration of excitation is discussed. Section 4.1.4 discusses the power output from the 
energy harvester when subjected to harmonic excitation under various load resistances. 
Section 4.2 presents a parametric study to investigate the effect of thickness of the 
peripheral magnets on the performance of the harvester.  
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4.1 Model Validation 
4.1.1 Magnetic Forces and Potential Energy Wells 
The magnetic force developed between the solid levitated magnet and fixed 
magnets was simulated using COMSOL software, obtained using the developed magnetic 
force model (Eq. 2-10), and measured experimentally using the experimental apparatus 
shown in Figure 4-1 and Figure 4-2.  Figure 4-1 and Figure 4-2 compare results from the 
COMSOL simulations and analytical model to experimentally measured magnetic forces 
for both mono-stable and bi-stable configurations. Both the COMSOL simulations and the 
analytical model corresponded well with measured data. The nonlinear behavior of the 
restoring magnetic forces is evident. The force-displacement curve in Figure 4-1 shows a 
single equilibrium position near the origin point, i.e., (0, 0).  On the other hand, the 
restoring force curve shown in Figure 4-2 exhibits three zero force points. These points 
correspond to one unstable equilibrium position, i.e., origin point (0, 0), and two adjacent 
stable positions.  The force-displacement diagrams also exhibit negative slopes, i.e. 
negative stiffness, in some regions. As a result, when the levitated magnet fell within the 
negative stiffness range, it tended to move to the nearby stable equilibrium point, i.e., 
(8.69,0) and (-8.69,0) mm.  Additionally, fifth-order polynomial fits of the form 𝐾1𝑧 +
𝐾3𝑧
3 + 𝐾5𝑧
5for both mono-stable and bi-stable configurations are shown in Figure 4-1 
and Figure 4-2, respectively. Results show that the polynomial fit matches very well the 
experimental data obtained for the mono-stable configuration (Figure 4-1). However, for 
the bi-stable configuration (Figure 4-2), the polynomial fit deteriorates significantly from 
measured data and model predictions.  Also, results suggest that at higher displacements, 
the discrepancy becomes worse.   
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Figure 4-1: Magnetic restoring forces in the mono-stable configuration measured 
experimentally and obtained using models. 
 
Figure 4-2: Magnetic restoring forces in the bi-stable configuration measured 
experimentally and obtained using models. 
The sources of error come from the resolution of the force gauge and the 
displacement sensor. The resolutions of the force gauge and the displacement sensor are 
0.01 N and 0.1 mm, respectively. Considering that the range of the magnetic force and the 
range of the displacement are approximately -10 N to 10 N and -30 mm to 30 mm, 
respectively, we concluded that the resolutions of the two sensor were sufficient for 
carrying on the experiment. 
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The polynomial fit of the experimental force-displacement data serves as a simple 
method to model the dynamic of the levitated magnet; after the polynomial function is 
obtained using methods such as least-square regression, it can be integrated into Eq. 2-1 to 
solve for the motion of the levitated magnet. Polynomial fit is often used due to its 
simplicity and minimum computational effort. However, Figure 4-2 shows that 
polynomial fit does not work well for some experimental data sets; in those cases, 
analytical methods are used to better capture the experimental behavior at an expense of 
raising the complexity of Eq. 2-1. Therefore, the analytical method is used to improve the 
accuracy of the polynomial fit method. 
Figure 4-3 and Figure 4-4 show the magnetic potential-energy wells for both 
mono-stable and bi-stable energy harvesters obtained using 𝑈 = −∫𝐹𝑚𝑎𝑔𝑑𝑧. The 
transition from a mono-stable to bi-stable configuration depends on the number and 
position of the middle magnets holder. For example, the potential energy diagrams, shown 
in Figure 4-3 and Figure 4-4, demonstrate single-well and double-well curves 
corresponding to mono-stable and bi-stable energy harvesters, respectively. In the absence 
of the middle (peripheral) magnet holder, there was only a single stable position for the 
levitated magnet between the stationary, top and bottom magnets, i.e., a single well curve 
as shown in Figure 4-3. When the middle (peripheral) magnet holder was secured around 
the harvester casing, the levitated magnet was forced to move towards one of two stable 
positions. As a result, two symmetric potential energy wells separated with one hilltop 
saddle were formed, as shown in Figure 4-4.   
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Figure 4-3: Potential-energy wells and barriers of the fabricated energy harvesters in the 
mono-stable configuration measured experimentally and obtained using models. 
 
Figure 4-4: Potential-energy wells and barriers of the fabricated energy harvester in the 
bi-stable configuration measured experimentally and obtained using models. 
 
4.1.2 Open-circuit Voltage and Frequency Response 
The open-circuit voltage measurements and model simulations for the mono-stable 
energy harvester configuration are shown in Figure 4-5 during both forward and backward 
sweeping.  Model simulations were obtained by solving Eq. 2-21. Also, results obtained 
using the force polynomial fit are shown in Figure 4-2. Results align well with the voltage-
frequency responses obtained using the model, polynomial fit, and measured data. The 
40 
 
 
 
hardening frequency response was evident in both forward and backward sweeping. This 
hardening phenomena is because of the nonlinearities in the magnetic spring stiffness 
experienced by the harvester.  As shown in Figure 4-5, this nonlinear behavior resulted in 
a hysteresis region bounded by a forward and backward frequencies jump, i.e., 16.9 Hz and 
14.5 Hz, respectively (Podder et al., 2017). Also, backward sweeping showed reduced 
amplitude in frequency response compared to forward sweeping. During forward 
sweeping, the induced voltage increased with frequency until it reached a maximum value 
at 16.9 Hz. This climax was then followed by a frequency jump down due to the 
coexistence of two stable states at the frequency branch (Kovacic and Brennan, 2011), i.e., 
high energy state versus low energy state. This dynamic behavior is a unique characteristic 
of nonlinear Duffing oscillators referred to as the frequency jump or saddle-node point 
phenomena (Mallick et al., 2014; Ramlan et al., 2010). As a result of this frequency jump 
and hysteresis, the frequency response of the harvester was non-resonant.  As shown in 
Figure 4-5, measured data confirms model simulations, and both show hardening effects, 
frequency jump phenomena, and amplitude of frequency response. 
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Figure 4-5: Open-circuit voltage envelope of the mono-stable configuration obtained at 
1.25 g m s−2 a) Forward experiment b) Backward experiment, c) Forward model, d) 
Backward model, e) Forward, using polynomial fit, f) Backward, using polynomial fit. 
Figure 4-6 shows the frequency response of the bi-stable energy harvester obtained 
using the experiment, model, and magnetic force polynomial fit. The frequency sweep 
experiment of the harvester shows a softening frequency response. Model simulations 
(Figure 4-6c-d) slightly deviated from the experiment (Figure 4-6a-b), although the force-
displacement curve obtained using the model matched the experimental data as 
demonstrated in Figure 4-2b.  For instance, while the frequency jump predicted by the 
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model (Figure 4-6c) matches the experiment (Figure 4-6a) very well during the forward 
sweeping there was approximately a 1 Hz shift in frequency jump predicted by the model 
(Figure 4-6d) compared to the experiment (Figure 4-6b) during backward sweeping. 
Therefore, this very slight deviation between model predictions and measured data may be 
attributed to a few factors related to the dynamic test setup and experiment. For example, 
similar discrepancy between model simulation of nonlinear Duffing-type oscillators and 
measured data has been reported by several researchers, including Dong et al. (Dong et al., 
2017), Lee et al. (Lee et al., 2010a), Berdy et al. (Berdy et al., 2014), and Dhote et al. 
(Dhote et al., 2018).  For instance, the discrepancy between the model and experiment 
could be attributed to the presence of a small tilt in the levitated magnet, which could lead 
to multi-direction vibration, larger damping, and obstruction of vertical movement of the 
levitated magnet (Berdy et al., 2014). As pointed out by Dhote et al. (Dhote et al., 2018), 
this discrepancy is presumably due to geometric misalignment of the energy harvester 
when excited using the shaker table during the experiment. This geometric misalignment 
results in the relative displacement of the levitated magnet in the radial direction, thus, 
generating other magnetic force components.  As a result, new vibration modes are 
initiated. Nonetheless, the developed model in this work did not account for these modes 
of vibrations. Additionally, this slight discrepancy may be attributed to the presence of 
nonlinear damping (Bian and Jing, 2018), experimental error (Dong et al., 2017; Lee et al., 
2010a), or presumably the experiment apparatus not completely resembling a single-
degree-of-freedom system as assumed in our model (Dong et al., 2017). Nonetheless, both 
the model and experiment follow similar trends and show alike characteristics including 
frequency-jump phenomena, hardening and softening effects, and frequency-response 
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amplitudes, as shown in Figure 4-6a-d. On the other hand, as shown in Figure 4-6, when 
comparing results from model predictions to results obtained using the magnetic force 
polynomial fit, we can see that the polynomial fit (Figure 4-6e-f) exhibits a poorer match 
and larger deviations from the measured data (Figure 4-6a-b), especially around the 
frequency jump during both forward and backward sweeping. The deviation between 
results obtained using the polynomial fit and the measured data grew up to 3 Hz and 5 Hz 
during forward and backward sweeping, respectively. This large discrepancy was expected 
since the magnetic force obtained using the polynomial fit deteriorated significantly from 
the measured data, as shown in Figure 4-2b. 
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Figure 4-6: Open-circuit voltage envelop of the bi-stable configuration obtained at 
2.5 g m s−2 a) Forward experiment b) Backward experiment, c) Forward model, d) 
Backward model, e) Forward, using polynomial fit, f) Backward, using polynomial fit. 
4.1.3 Phase Portrait Diagrams for the Bi-stable Energy Harvester 
Figure 4-7 shows the phase portrait diagrams of the bi-stable energy harvester 
obtained using experiment and model at various frequencies ranges, i.e. 15.0-35.5 Hz, for 
a fixed acceleration, i.e. 2.5 g m s−2.  In these experiments, the position of the levitated 
magnet was tracked using a displacement sensor (model: KEYENCE IL-100, not shown in 
Figure 3-5). Experimental measurements confirmed results from model simulations. Both 
model simulations and measured data revealed distinguished dynamic regimes. At lower 
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frequencies, as shown in Figure 4-7a-b, the levitated magnet oscillated within a single well 
and yielded intra-well oscillation. As the driving frequency increased, the levitated magnet 
still oscillated in intra-well mode, but the displacement and velocity increased, causing the 
phase portrait diagram to open up as shown in Figure 4-7c-d. When the levitated magnet 
gained enough energy to cross the energy barrier, it exhibited chaotic oscillation between 
the two wells as shown in Figure 4-7e-f.  This chaotic oscillation was then followed by 
intra-well oscillation again once the harvester passed the frequency jump as shown in 
Figure 4-7g-h. Both velocity and displacement dropped, and the phase portrait diagram 
shrunk as the harvester was excited at higher frequencies, as shown in Figure 4-7i-j.  
These behaviors of the phase portrait diagram were also confirmed using the 
displacement curves of the levitated magnet obtained using experiment and model 
simulations as shown in Figure 4-8, Figure 4-9, and Figure 4-10. The bi-stable energy 
harvester went through intra-well and chaotic oscillations.  For fixed-base acceleration, the 
harvester exhibited intra-well motion and experienced small displacement amplitudes, 
velocities and, thus, voltages at lower frequencies.  Chaotic motion was also experienced 
by the harvester when excited near jump frequency. Inter-well oscillatory motion that 
yields high displacement amplitudes and velocities was absent as suggested in Figure 4-8 
and Figure 4-9. Nonetheless, in Figure 4-10, the model (validated at 4 g m s−2) predicts 
that inter-well motion can be achieved at higher accelerations or through altering specific 
design parameters. During this inter-well motion, the harvester experiences high 
displacements and velocities, thereby achieving large voltages.  
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Figure 4-7: Phase portrait of the bi-stable energy harvester obtained at 2.5 g m s−2 a) 
Experiment and b) model at 15.0-15.5 Hz; c) Experiment and d) Model at 21.0-21.5 Hz, 
e) Experiment and f) Model at 22.5-23.0 Hz; g) Experiment and h) Model at 23.8-
24.3 Hz; i) Experiment and j) Model at 35.0-35.5 Hz. 
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Figure 4-8: Displacement history of the bi-stable energy harvester obtained at 
2.5 g m s−2 from experimental data. 
 
Figure 4-9: Displacement history of the bi-stable energy harvester obtained at 
2.5 g m s−2 from model prediction. 
 
Figure 4-10: Inter-well motion obtained using model prediction at 4.0 g m s−2. 
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4.1.4 Power Generation 
Figure 4-11 and Figure 4-12 show power metrics obtained using experiment and 
model for both mono-stable and bi-stable configurations. Induced voltage was measured 
using the experimental setup shown in Figure 3-5 across a load resistance using a decade 
box (GLOBAL SPECIALTIES RDB-10, not shown in Figure 3-5).  In these experiments, 
the output voltage was measured across a load resistance, 𝑅𝑙𝑜𝑎𝑑, while the frequencies were 
swept in the range (5, 40) Hz. Figure 4-11 and Figure 4-12 show the power density of the 
harvester calculated at each load resistance, 𝑅𝑙𝑜𝑎𝑑, in the range (2 , 10
4) Ω. The power 
density of the harvester was normalized against the volume of the harvester and the 
acceleration level input to the harvester, i.e., mW cm−3 g−2.  Model simulations were 
obtained using Eq. 2-26. Results shown in Figure 4-11 and Figure 4-12 correspond well 
with model simulation and measured output power for both mono-stable and bi-stable 
energy harvester configurations. The maximum measured power densities for both mono-
stable and bi-stable configurations are approximately 5.0 mW cm−3 g−2 and 
0.35 mW cm−3 g−2, respectively.  Figure 4-11 and Figure 4-12 reveal that these 
maximum power densities occur at, approximately 1,000 Ω and 200 Ω for mono-stable and 
bi-stable configurations, respectively.  This shift in the optimum load resistance can be 
explained in light of magnetic damping, described in Eq. 2-25, and the displacement 
amplitude of the levitated magnet. For the bi-stable energy harvester configuration, the 
displacement amplitude of the levitated magnet is small, presumably, because the levitated 
magnet was stuck in one of the two potential energy wells shown in Figure 4-4. This little 
displacement amplitude corresponds to small magnetic damping corresponding to 𝑅𝑙𝑜𝑎𝑑 =
200 Ω. On the other hand, the levitated magnet in the mono-stable energy harvester 
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configuration experienced larger displacement amplitude and, thus, it experienced greater 
magnetic damping.  Therefore, the optimum load resistance was shifted to a larger value, 
i.e., 𝑅𝑙𝑜𝑎𝑑 = 1,000 Ω because larger load resistance was needed to reduce the magnetic 
damping effects.   
 
Figure 4-11: Power densities obtained using experiment and model simulation of the 
mono-stable configuration at 1.25 g m s−2. 
 
Figure 4-12: Power densities obtained using experiment and model simulation of the bi-
stable configuration at 2.5 g m s−2. 
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Next, performance and behavior of the mono-stable and bi-stable vibration energy 
harvester configurations when connected to a load resistance was investigated using 
experiment and model. For both model simulation and experiment, the mono-stable and 
bi-stable harvester configurations were excited at 1.25 g m s−2 and 2.5 g m s−2, 
respectively.  Model simulations were obtained by solving Eq. 1 to obtain the position of 
the levitated magnet, z, which was then substituted into  Eq.19 to obtain the voltage induced 
into the surrounding coils. In the experiment, induced voltage was measured using the 
experiment setup shown in Figure 3-5 across a load resistance using a decade box 
(GLOBAL SPECIALTIES RDB-10, not shown in Figure 3-5).  In these experiments, load 
resistance, 𝑅𝑙𝑜𝑎𝑑, was fixed, and output voltage was measured while the frequencies were 
swept in the range (5, 40) Hz. Table 4-1 lists the values of load resistance used in these 
experiments as well as major power metrics. In Figure 4-13, representative examples are 
shown of voltage-frequency responses obtained for both mono-stable and bi-stable energy 
harvesters. These example were obtained using experiment and model a cross three 
selected load resistances values, 𝑅𝑙𝑜𝑎𝑑=100 Ω, 1 kΩ, and 10 kΩ, respectively.  Peak power 
obtained at each load resistance is shown in Figure 4-14 for both mono-stable and bi-stable 
energy harvester configurations. Figure 4-14, model simulations for output power were 
obtained using Eq. 24. Results shown in Figure 4-13 and Figure 4-14 correspond well 
with model simulation and measured voltage and output power for both mono-stable and 
bi-stable energy harvester configurations. 
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𝑹𝒍𝒐𝒂𝒅 
(Ω) 
Mono-stable harvester Bi-stable harvester 
Peak power 
density 
(𝐦𝐖 𝐜𝐦−𝟑 𝐠−𝟐) 
Peak 
power 
(𝐦𝐖) 
Jump 
frequenc
y (𝐇𝐳) 
Peak power 
density 
(𝐦𝐖 𝐜𝐦−𝟑 𝐠−𝟐) 
Peak 
power 
(𝐦𝐖) 
Jump 
frequenc
y (𝐇𝐳) 
2 0.021 0.791 14.9 0.018 2.661 22.7 
5 0.030 1.093 15.2 0.031 4.649 22.7 
10 0.053 1.978 15.2 0.055 8.341 22.9 
20 0.103 3.800 15.2 0.107 16.17 22.7 
50 0.236 8.722 15.4 0.185 28.07 23.0 
200 1.144 42.35 16.0 0.352 53.41 23.5 
500 4.444 164.5 17.6 0.282 42.69 23.2 
1000 5.010 185.5 18.8 0.235 35.66 23.0 
5000 2.567 95.04 21.1 0.067 10.17 22.7 
 
Results from Figure 4-13, Figure 4-14 and Table 4-1 provide a thorough overview 
and important insights related to the behavior of the mono-stable and bi-stable energy 
harvesters. Results from Figure 4-13 and Table 4-1 suggest that increasing load resistance, 
𝑅𝑙𝑜𝑎𝑑, caused a shift in jump frequency, therefore, allowing the response of the energy 
harvesters to be tuned to the desirable frequency range by varying the load resistance.  
Nonetheless, this tuning of the jumping frequency through varying the load resistance 
comes at the expense of power generation.  That is, the power output from the harvester 
increased gradually as the load resistance increased until an optimum load resistance is 
reached. Table 4-1 and Figure 4-14 reveal that maximum power generation occurs at 
approximately 𝑅𝑙𝑜𝑎𝑑 =1,000 Ω and 200 Ω for mono-stable and bi-stable configurations, 
respectively.  Although the mono-stable and bi-stable harvesters are made identical and 
have the same coil resistance, 𝑅𝑐𝑜𝑖𝑙 = 193 Ω, nonetheless, the optimum load resistance of 
the mono-stable harvester is significantly higher, i.e., 𝑅𝑙𝑜𝑎𝑑 =1,000 Ω. This shift of the 
optimum load resistance away from the resistance of the coils can be explained in light of 
Table 4-1:  Measured power metrics of the mono-stable and bi-stable energy harvesters. 
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magnetic damping, described in Eq. 23, and displacement amplitude of the levitated 
magnet. For the bi-stable energy harvester configuration the displacement amplitude of the 
levitated magnet was small, presumably, because the levitated magnet was stuck in one of 
the two potential energy wells shown in Figure 4-4. This little displacement amplitude 
corresponds to small magnetic damping corresponding to 𝑅𝑙𝑜𝑎𝑑 = 200 Ω. On the other 
hand, the levitated magnet in the mono-stable energy harvester configuration experienced 
larger displacement amplitude and, thus, it experienced greater magnetic damping.  
Therefore, the optimum load resistance is shifted to a larger value, i.e., 𝑅𝑙𝑜𝑎𝑑 = 1,000 Ω 
because larger load resistance was needed to reduce the magnetic damping effects.  Table 
4-1 also shows the peak power densities of the mono-stable and bi-stable harvesters. Here, 
the peak power density is calculated by normalizing the measured peak power at given load 
resistance, as shown in Figure 4-14, against the acceleration level and the volume of the 
device.  Table 4-1 reveals that the maximum measured peak power densities for both 
mono-stable and bi-stable configurations are approximately 5.00 mW cm−3 g−2 and 
0.352 mW cm−3 g−2, measured at 1.25 g m s−2 and 2.5 g m s−2, respectively. 
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Figure 4-13. Representative examples of model simulation and measured output 
voltage of the mono-stable and bi-stable energy harvester configurations when 
connected to load resistance; 𝑅𝑙𝑜𝑎𝑑 obtained at 1.25 g m s
−2 for mono-stable and 
2.5 g m s−2 for bi-stable configuration: (a) Experiment at 𝑅𝑙𝑜𝑎𝑑 =100 Ω, (b) 
Experiment at 𝑅𝑙𝑜𝑎𝑑 =1 kΩ, (c) Experiment at 𝑅𝑙𝑜𝑎𝑑 =10 kΩ, (d) Model simulations 
𝑅𝑙𝑜𝑎𝑑 =100 Ω, (e) Model simulations 𝑅𝑙𝑜𝑎𝑑 =1 kΩ, and (f) Model simulations 
𝑅𝑙𝑜𝑎𝑑 =10 kΩ. 
 
 
 
a d 
b e 
c f 
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Figure 4-14. Peak power versus load resistance obtained using experiment and model 
simulation of the a) mono-stable configuration at 1.25 g m s−2 and b) bi-stable 
configuration at 2.5 g m s−2. 
4.2 Model Simulation and Discussion 
The parametric study and effects of different design parameters on the performance 
and dynamics of the bi-stable energy harvester are discussed in the next section. The 
combination of middle (peripheral) magnets and a levitated magnet formed the unique 
arrangement that yielded the bi-stable vibration energy harvester configuration with a 
nonlinear magnetic spring. The nonlinearities introduced by the magnetic spring led to a 
variety of stiffness characteristics and force-displacement curves, providing a wide range 
of dynamic regimes described by the interplay between the levitated magnet and fixed 
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magnets. These nonlinear characteristics can be tuned through proper selection of the 
geometric ratios and dimensions of the peripheral magnets.  
Figure 4-15 and Figure 4-16 show the force-displacement curves of the bi-stable 
energy harvester obtained for different geometric ratios of the peripheral magnets. While 
the dimensions of the levitated magnet were fixed at nominal values given in Table 3-1, 
the height of the peripheral magnets fixed around the body of the harvester was varied in 
the range of (1/8, 1/128) inch. Figure 4-15 and Figure 4-16 suggest that the bi-stability 
of the harvester is weakened when thinner peripheral magnets are used and the energy 
harvester moves towards mono-stable mode. This was expected since the contribution of 
the peripheral magnets to the total magnetic force diminishes as they become thinner.  
Therefore, the magnetic force becomes mostly dominated by the interaction between the 
levitated magnet and top and bottom fixed magnets. Thus, the harvester moves towards 
mono-stability as suggested in Figure 4-15 and Figure 4-16. Figure 4-15 and Figure 4-16 
reveal that the energy harvester experiences stronger nonlinearities and larger negative 
stiffness values when thicker peripheral magnets surround the levitated magnet. On the 
other hand, Figure 4-15 shows that for very thin peripheral magnets, i.e., 1/128 inch, the 
harvester moves closer towards mono-stability, and approximately zero stiffness can be 
achieved for a specific range of displacements. That is, for the deflection range of 
(−5,5) cm, the harvester experienced approximately zero stiffness, which is beneficial for 
energy harvesting at very low frequencies and small excitation levels. This was also 
observed in the potential energy curve of the energy harvester as shown in Figure 4-16. 
The use of 1/128 inch thin peripheral magnets flattened the harvester energy barrier and 
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moved it towards mono-stability. Thicker peripheral magnets resulted in stronger stiffness 
nonlinearities and energy barriers and, therefore, moved towards bi-stability.   
 
Figure 4-15: Model simulations of the force-displacement curves of the bi-stable energy 
harvester obtained for different geometric ratios of the peripheral magnets. 
 
Figure 4-16: Model simulations of the potential-energy wells and barriers of the bi-
stable energy harvester obtained for different geometric ratios of the peripheral magnets. 
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To further investigate the effect of the peripheral magnets, Figure 4-17 shows the 
frequency response of the harvester implementing thick and thin peripheral magnets, i.e.,  
1/32 and 1/128 inch, respectively, at different acceleration levels.  Results suggest that 
the harvester exhibits hardening and softening effects in different conditions. For instance, 
a harvester with 1/128 inch peripheral magnets behaved in a hardening fashion during the 
forward sweeping at all acceleration levels, i.e., 1 g, 3 g, and 5 g m s−2. On the other hand, 
a harvester with 1/32 inch peripheral magnets behaved in a softening fashion during the 
forward sweeping at 1 g and 3 g m s−2, as shown in Figure 4-17a and Figure 4-17c, 
respectively.  This behavior is similar to the behavior observed in the experiment and 
shown in Figure 4-7 at 2.5 g m s−2.  Nonetheless, the harvester switches to hardening 
behavior at 5 g m s−2 as suggested in Figure 4-17e. This switch can be explained in light 
of the force-displacement curves shown in Figure 4-2a.  For the 1/32 inch peripheral 
magnets configuration, at 1 g and 3 g m s−2, the levitated magnet exhibited only intra-well 
and chaotic dynamics, as shown in Figure 4-17a and Figure 4-17c, respectively. The 
levitated magnet oscillated within the two stable wells and was bounded between -10 and 
10 mm. Within this displacement range, as the levitated magnet oscillated, the force it 
experienced was very small, as shown in the force-displacement curve of the 1/32 inch 
peripheral magnets in Figure 4-17a. Therefore, the levitated magnet moved slowly 
between these two stable points. Thus, the resonant peak of the harvester shifted to lower 
values, and the harvester exhibited softening behavior. On the other hand, at a higher 
acceleration level, i.e., 5 g m s−2 as suggested in Figure 4-17e, the harvester exhibited 
inter-well motion. The levitated magnet oscillated over a larger displacement range.  For 
this displacement range, the levitated magnet experienced larger forces, as suggested in 
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Figure 4-17a. Consequently, the levitated magnet oscillated faster; therefore, the resonant 
peak shifted to a higher value, and hardening effects became evident. The backward sweep 
also confirmed this behavior. For instance, Figure 4-17b shows that the harvester with thin  
1/128 inch peripheral magnets exhibited softening behavior during the backward 
sweeping at 1 g m s−2 due to the small travel distances and forces experienced by the 
levitated magnet.  Moreover, Figure 4-17 suggests that a thinner peripheral magnets 
configuration, i.e., 1/128 inch, results in a wider frequency response at all acceleration 
levels, compared to the thick peripheral magnets configuration, i.e., 1/32 inch.  
 
 
  
Figure 4-17: Comparison of open-circuit voltage envelop of the bi-stable harvester 
obtained for 1/32 inch (BLUE) and 1/128 inch (ORANGE) thick peripheral magnets 
a b 
c d 
e f 
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configurations:  a) Forward and b) Backward at 1 g m s−2; c)  Forward and d) Backward 
at 3 g m s−2; e) Forward and f) Backward at 5 g m s−2. 
  
The previous discussion reveals that thinner peripheral magnets are favorable for 
the design of the energy harvester, especially at lower acceleration levels. That is, thinner 
peripheral magnets yield lower energy barriers, improved frequency responses, and exhibit 
approximately zero stiffness behavior near equilibrium position, which is beneficial for 
energy harvesting at low frequencies and small excitation levels.  The use of thinner 
peripheral magnets means moving towards mono-stable configuration. This movement 
toward mono-stability using thinner peripheral magnets implies that mono-stability is the 
more favorable mode for vibration energy harvesting under harmonic excitation.  
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CHAPTER 5 
 
CONCLUSIONS AND FUTURE WORK 
 
In this work, a comparative study between mono-stable and bi-stable magnetic-
levitation-based vibration energy harvesters has been performed using experiment and 
model. The adopted design uses only magnetic interaction without the need for additional 
piezoelectric elements.  The mono-stable configuration consisted of an oscillating magnet 
that was levitated between two stationary top and bottom ring magnets. A cluster of 
peripheral, solid magnets was fixed around the harvester casing and resulted in a bi-stable 
configuration. A coil was wrapped around the harvester body for power extraction. A 
prototype of the energy harvester was fabricated and its dynamic behavior under harmonic 
excitation has been characterized using experiment and model.  Analytical models of 
magnetic forces have been developed for both mono-stable and bi-stable configurations. 
Results from model simulations corresponded well with measured force-displacement 
curves and those obtained using COMSOL software. These force models were then 
integrated into the equation of motion to understand the dynamic behavior of the harvester. 
This comparative study concluded that, for the bi-stable configuration, the analytical model 
of magnetic force provided more accurate results compared to those obtained using the 
customarily used magnetic force polynomial fits. For the mono-stable configuration, the 
results obtained using a polynomial fit of the magnetic force were in good agreement with 
the results obtained using experiment and the analytical force model. Additionally, this 
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comparative study concluded that mono-stability is the more favorable mode for vibration 
energy harvesting under harmonic excitation. The power measurements showed that the 
mono-stable configuration can produce more power under low acceleration than the bi-
stable configuration does under high acceleration. The power measurements also showed 
that the optimum load resistance of the mono-stable configuration was higher than that of 
the bi-stable configuration due to magnetic damping. Thinner peripheral magnets are more 
favorable for the bi-stable design, especially at lower acceleration levels. Thinner 
peripheral magnets yielded lower energy barriers, improved frequency responses, and 
exhibited approximately zero stiffness near the equilibrium position.  The use of thinner 
peripheral magnets caused the harvester to move towards mono-stability.  
Future work may focus on the parametric study of the polynomial expansions of 
the force curve, which uses Tayler series expansion to obtain simplified and explicit 
formulas for the magnetic forces. These formulas will allow for studying the effect of 
different design parameters, such as geometries and dimensions of magnets, on stiffness 
nonlinearity. The formulas will then be integrated into the equation of motion. Also, in the 
current work, the equation of motion was solved numerically using the 4th and 5th order 
Runge-Kutta method that is implemented into MATLAB ODE solver (ode45). Thus, future 
work will focus on solving the equation of motion using analytical techniques such as 
Harmonic Balance Method. This usage of analytical techniques in solving a simplified 
equation of motion will provide a better understanding of the relationship between designs 
parameters and the energy harvester’s performance; thus, it will allow for optimization of 
the energy harvester. The magnetic field model can be improved by placing multiple 
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magnetic dipoles inside the volume of magnets; this may help better predict the open-
circuit voltage of more complicated magnets and coil designs.  
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APPENDIX 
 
NOMENCLATURE 
Symbol Definition Value Unit 
a The inner radius of a ring magnet 6.35 mm 
A Acceleration of excitation source  - m s−2 
b The outer radius of a ring magnet 12.7 mm 
B The magnetic field along the z axis of the stationary 
top and bottom ring magnets 
- T 
Bcoil The magnetic field generated by current in a coil - T 
Bcyl The magnetic field along the z axis of a cylindrical 
magnet 
- T 
Bi The magnetic field along the z axis of generated by 
the induced current in a single coil turn 
- T 
Brf,lev Residual flux density of the levitated magnet 1.48 T 
Brf,ring Residual flux density of a ring magnet -1.32 T 
Bz The magnetic field along the z axis of a levitated 
magnet 
- T 
c Damping coefficient due to structural and 
aerodynamic energy losses 
- kg s−1 
Fbot Magnetic force acting on the levitated magnet from 
the stationary bottom ring magnet 
- N 
Fcyl Magnetic force acting on the levitated magnet from a 
peripheral magnet 
- N 
Fdamp Total damping force acting on the levitated magnet  - N 
Fe Damping force acting on the levitated magnet due to 
the induced current in a coil 
- N 
Fe1  Damping force acting on the levitated magnet due to 
the induced current in the top coil 
- N 
Fe2  Damping force acting on the levitated magnet due to 
the induced current in the bottom coil 
- N 
Feddy Damping force acting on the levitated magnet due to 
the induced current in the surrounding coil 
- N 
Fg Gravitational force acting on the levitated magnet - N 
Fi The magnetic damping force from the induced 
current in a coil turn acting on the levitated magnet 
  
Fmag Total magnetic force acting on the levitated magnet - N 
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Fring Magnetic force acting on the levitated magnet from a 
stationary ring magnet 
- N 
Ftop Magnetic force acting on the levitated magnet from 
the stationary top ring magnet 
- N 
g Gravitational acceleration 9.81 m s−2 
h Height of the stationary ring magnets 12.7 mm 
i The index of a single coil turn - 1 
I Induced current in a coil turn - A 
L Half the length of a coil - m 
m Mass of the levitated magnet 14.017 g 
mcyl Magnetic dipole moment of each cylindrical magnet 
of the cluster of middle (peripheral) magnets. 
16.635 mA m2 
mlev Magnetic dipole moment of the levitated magnet 1.68992 A m
2 
M The magnetization of a stationary ring magnet -1,050 A mm−1 
M⃗⃗⃗  The magnetization vector of a stationary ring magnet   
M⃗⃗⃗ bot The magnetization of the stationary bottom ring 
magnet 
-1,050 A mm−1 
M⃗⃗⃗ top The magnetization of the stationary top ring magnet -1,050 A mm
−1 
n Number of middle (peripheral)  magnets in one layer 10 1 
N Number of stable positions - 1 
Nc Number of coil turns in top or bottom coil section 500 1 
P Predicted power   
r⃑ The vector position of the point of magnetic field 
evaluation 
- m 
r′⃗⃗⃑ The vector position of a dipole - m 
Rcoil Resistance of the coil 193 Ω 
Rload Resistance of the load 193 Ω 
s  Vector normal to the top and the bottom surfaces of a 
ring magnet 
- m2 
t Time - s 
U The potential energy of the levitated magnet - J 
Vlev Volume of the levitated magnet 1.609 cm
3 
x The absolute position of the levitated magnet - m 
ẋ The absolute velocity of the levitated magnet - m s−1 
ẍ The absolute acceleration of the levitated magnet - m s−2 
y Axial position of the shaker table - m 
ẏ Velocity of the shaker table   
z The relative position of the levitated magnet - m 
ẑ Unit vector of the z-axis 1 1 
ż The relative velocity of the levitated magnet - m s−1 
z̈ The relative acceleration of the levitated magnet - m s−2 
zb Position of the stationary bottom magnet -43.18 mm 
zc Axial position of a single coil turn - m 
zcb Axial position of the center of the bottom coil -9.5 mm 
zcoil Axial position of the center of a coil - m 
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zct Axial position of the center of the top coil 9.5 mm 
zcyl The axial position of a fixed middle (peripheral)  
magnet 
- m 
zi Position of a single coil turn  - m 
zr The axial position of a ring magnet - m 
zs An axial position   
zt Position of the stationary top fixed magnet 43.18 mm 
ℰ Electromotive force in all coil turns  - V 
ℰ1 Electromotive force in the top coil section - V 
ℰ2 Electromotive force in the bottom coil section - V 
ℰc Electromotive force in a coil - V 
ℰm The measured voltage in a closed circuit test   
ϕ Magnetic flux in a coil - Wb 
ϕi Magnetic flux in a single coil turn - Wb 
μ0 Permeability of free space 4 𝜋
× 10−7 
H m−1 
ρ A general radial position in cylindrical coordinate 
system 
- m 
ρcoil The average radius of the coil 8.77 mm 
ρmid The distance between the center of each middle 
(peripheral) magnet and the z axis 
13.49 mm 
ψ The scalar magnetic potential - A 
ω Driving frequency  - rad s−1 
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